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Abstract
A mixed finite element method (MFEM), using dual-parametric piecewise bi-
quadratic and affine (DP-Q2-P1) finite element approximations for the deformation
and the pressure like Lagrange multiplier respectively, is developed and analyzed
for the numerical computation of incompressible nonlinear elasticity problems with
large deformation gradient, and a damped Newton method is applied to solve the
resulted discrete problem. The method is proved to be locking free and stable. The
accuracy and efficiency of the method are illustrated by numerical experiments on
some typical cavitation problems.
Key words: DP-Q2-P1 mixed finite element, damped Newton method, locking-free,
incompressible nonlinear elasticity, large deformation gradient
1 Introduction
For incompressible elasticity, it is well known that, even in the case of small deformation
and linear elasticity, the notorious volume locking can happen and ultimately leads to
the failure of some finite element approximations [11–14]. In the case of incompressible
linear elasticity, it is well-known how to overcome locking numerically, for example, by
using the enhanced assumed strain methods to increase the degrees of freedom of the
∗The research was supported by the NSFC projects 11171008 and 11571022.
†Corresponding author, email: lizp@math.pku.edu.cn
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elements [16, 17], by using the nonconforming finite element methods to weakening the
global continuity of the numerical solutions [1], or by using the mixed finite element
methods (MFEMs) to relax the constraint of the incompressibility on the numerical
solutions [11, 18], etc.. However, for incompressible nonlinear elasticity, especially for
large deformation gradient problems which will be addressed in this paper, there still
lack of systematic results.
Let Ω ⊂ R2 be a bounded open domain with smooth boundary occupied by an
isotropic hyper-elastic body in its reference configuration. Let the stored energy density
function of the material W (∇u) : M2×2+ → R
+ be poly-convex, where u is a deformation
field and M2×2+ is the set of 2× 2 matrices with positive eigenvalues. Since the material
is incompressible, the deformation field must satisfy the constraint det∇u = 1 a.e. in
Ω. In the mixed formulation of nonlinear hyper-elasticity boundary value problems, one
considers to solve the saddle point problem
(u˜, p˜) = arg inf
u∈A
sup
p∈L2(Ω)
E(u, p), (1.1)
where p is the pressure like Lagrangian multiplier (see [11]), E(u, p) is the Lagrangian
functional defined as
E(u, p) =
∫
Ω
(W (∇u(x))− p(det∇u− 1)) dx−
∫
∂NΩ
t · u ds, (1.2)
with t the traction imposed on the Neumann boundary ∂NΩ, and where the set of
admissible deformation functions A is given by
A =


{u ∈ W 1,s(Ω;R2) is 1-to-1 a.e. : u|∂DΩ = u0, }, if ∂DΩ 6= ∅,
{u ∈ W 1,s(Ω;R2) is 1-to-1 a.e. :
∫
Ωu dx = 0, }, otherwise,
(1.3)
where s > 1 is a given Sobolev index, and ∂DΩ is the Dirichlet boundary with its 1-D
measure |∂DΩ| 6= 0.
The variational form of the Euler-Lagrange equation, i.e. the equilibrium equation,
of the mixed formulation (1.1), can be expressed as

∫
Ω
Ç
∂W (∇u)
∂∇u
: ∇v − p (cof∇u : ∇v)
å
dx =
∫
∂NΩ
t · v ds, ∀v ∈ X0,
∫
Ω
q (det∇u− 1) dx = 0, ∀q ∈M,
(1.4)
where cof∇u denotes the cofactor matrix of ∇u, and
M := L2(Ω), X0 =


{v ∈ H1(Ω;R2) : v|∂DΩ = 0} , if ∂DΩ 6= ∅,
{v ∈ H1(Ω;R2) :
∫
Ω v dx = 0} , otherwise,
(1.5)
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are the test function spaces for the pressure p and deformation u respectively.
In the present paper, based on the variational form of Euler-Lagrange equation (1.4),
a mixed finite element method (MFEM), using dual-parametric piecewise biquadratic
and affine (DP-Q2-P1) finite element approximations for the deformation u and pressure
like Lagrangian multiplier p respectively, is developed and analyzed for the numerical
computation of incompressible nonlinear elasticity boundary value problems with large
deformation gradient, and a damped Newton method is applied to solve the resulted
discrete problem. The method is shown to be stable (locking free) under some reasonable
assumptions on the mesh regularity (see (M1) and (M2) in § 2.1), the damping criteria
(see (C1) and (C2) in § 2.2) and the stability hypothesis on the mixed formulation
(see (H) in § 2.3). The performance of a DP-Q2-P1 method applied to a cavitation
problem, which shows an extremely large anisotropic deformation near the cavity surface,
is illustrated by numerical experiments and results. We would like to point out here that
the classical stability analysis for Q2-P1 element based on the divergence free argument
do not directly apply to nonlinear elasticity problems with finite deformation (see for
example [18]), especially those with very large nearly singular deformation gradients (see
§ 2.3 for details). The advantage of using the dual-parametric finite elements is that the
elements can well accommodate very large anisotropic deformation as well as complex
physical domain with a reasonable number of degrees of freedom [6, 7, 9].
The rest of the paper is organized as follows. § 2 is devoted to the construction of the
DP-Q2-P1 MFEM and its stability analysis. In § 3, the DP-Q2-P1 mixed finite element
method is applied to a cavitation problem, and the accuracy and efficiency of the method
is demonstrated by the numerical results. Some concluding remarks are given in § 4.
2 The mixed finite element method and its stability
2.1 The DP-Q2-P1 mixed finite element
Let (Tˆ , Pˆ , Σˆ) be the standard biquadratic-linear mixed rectangular element with


Tˆ = [−1, 1]× [−1, 1],
Pˆ = {Q2(Tˆ ), P1(Tˆ )},
Σˆ = {uˆ(aˆi), 0 ≤ i ≤ 8; pˆ(bˆ0), ∂xˆ1 pˆ(bˆ0), ∂xˆ2 pˆ(bˆ0)},
3
where {aˆi}
3
i=0 are the vertices of Tˆ , {aˆi}
7
i=4 represent the nodes on the middle points of
the corresponding edges of Tˆ , and aˆ8 = bˆ0 = (0, 0), as shown in Figure 1.
Given 4 non-degenerate vertices {ai}
3
i=0 in anticlockwise order, 5 properly distributed
vertices {ai}
8
i=4, and a smooth injection FT satisfying ai = FT (aˆi), i = 0, · · ·8, then
T = FT (Tˆ ) defines a (curve edged) quadrilateral element (see for example Figure 2). In
applications, the most commonly used FT are bilinear, biquadratic and trigonometric
(see (3.1)).
Figure 1: Reference element Tˆ , Σˆ. Figure 2: Element T , ΣT .
We define the dual-parametric biquadratic-affine (DP-Q2-P1) mixed finite element
(T, P,Σ) as follows:


T = FT (Tˆ ) being a (curved) quadrilateral element,
PT =
¶
(u, p) : T → R2 × R | u = uˆ ◦ F−1T , uˆ ∈ Q2, p = pˆ ◦ F
−1
T , pˆ ∈ P1
©
,
ΣT =
¶
u(ai), ai = FT (aˆi), 0 ≤ i ≤ 8; p(b0), ∂xˆ1p(bˆ0) ◦ F
−1
T , ∂xˆ2p(bˆ0) ◦ F
−1
T , b0 = FT (bˆ0)
©
,
and denote Q˜2 × P˜1 = (Q2 ◦ F−1T )× (P1 ◦ F
−1
T ).
For simplicity, we assume in this section that Ω = Ωh is properly partitioned into
such quadrilateral elements, i.e. Ω = Ωh = ∪T∈ThFT (Tˆ ). In addition, we assume the
triangulation Th satisfies the following regularity conditions.
(M1) The edge lengths are of quasi-uniform, i.e. |a˘0a3| ∼= |a˘0a1| ∼= |a˘1a2| ∼= |a˘2a3|,
hT ∼= h, ∀T ∈ Th.
(M2) The minimum angle condition, i.e. |l1| ∼= |l2| ∼= O(hT ) and h
−2
T |l1 ∧ l2| ≥ c > 0,
∀T ∈ Th, where l1 = (
#     »a0a1 +
#     »a3a2 + 8
#     »a7a5) and l2 = (
#     »a0a3 +
#     »a1a2 + 8
#     »a4a6).
Here and throughout the paper, X ∼= Y , or equivalently Y . X . Y , means that
c−1Y ≤ X ≤ cY holds for a generic constant c ≥ 1 independent of T and h.
Remark 1. It is not difficult for us to show, by the standard scaling argument, that
|vˆ|γ,2,Tˆ
∼= h
γ−1
T |v|γ,2,T , γ = 0, 1, ∀T ∈ Th, and ∀v ∈ H
1(T ;R2) (2.1)
4
remains valid, if |∂x/∂xˆ| = |∂FT /∂xˆ| ∼= hT , and det(∂x/∂xˆ) ∼= h
2
T , which hold when
the triangulation Th satisfies (M1) and (M2).
2.2 The discretized problem
Define the finite element function spaces for the admissible deformation and pressure as
Xh = Ah :=


¶
vh ∈ C(Ω¯;R
2) : vh|T ∈ Q˜2, vh|∂DΩ = u0
©
, if ∂DΩ 6= ∅,¶
vh ∈ C(Ω¯;R
2) : vh|T ∈ Q˜2,
∫
Ω vh dx = 0
©
, otherwise,
(2.2)
Mh :=
¶
ph ∈ L
2(Ω¯) : ph|T ∈ P˜1
©
, (2.3)
and define the finite element test function space for the deformation as
Xh,0 :=


¶
vh ∈ C(Ω¯;R
2) : vh|T ∈ Q˜2, vh|∂DΩ = 0
©
, if ∂DΩ 6= ∅,¶
vh ∈ C(Ω¯;R
2) : vh|T ∈ Q˜2,
∫
Ω vh dx = 0
©
, otherwise.
(2.4)
In the DP-Q2-P1 mixed finite element method, the equilibrium equation (1.4) is
discretized into the following form


∫
Ω
∂W (∇uh)
∂∇uh
: ∇vh − ph cof∇uh : ∇vh dx =
∫
∂ΩN
t · vh ds, ∀vh ∈ Xh,0,
∫
Ω
qh(det∇uh − 1) dx = 0, ∀qh ∈Mh,
(2.5)
and, in each iteration step of the damped Newton method to solve this discrete nonlinear
problem, one solves the following discrete linear problem


Find (wh, ph) ∈ Xh,0 ×Mh, such that
a(wh, vh;uh, ph) + b(vh, ph;uh) = f(vh;uh, ph), ∀vh ∈ Xh,0,
b(wh, qh;uh) = g(qh;uh), ∀qh ∈Mh,
(2.6)
to obtain a direction modifying (wh, ph), where uh := u
k
h ∈ Ah, ph := p
k
h denotes the
approximation solution obtained in the k-th iteration, and
a(wh, vh;uh, ph) :=
∫
Ω
Ç
∂2W (∇uh)
∂(∇uh)2
∣∣∣∣
uh=uh
: ∇wh
å
: ∇vh − ph cof∇wh : ∇vh dx, (2.7)
b(vh, qh;uh) :=
∫
Ω
qh cof∇uh : ∇vh dx, (2.8)
f(vh;uh, ph) :=
∫
∂NΩ
t · vh ds−
∫
Ω
∂W (∇uh)
∂(∇uh)
∣∣∣∣
uh=uh
: ∇vh − ph cof∇uh : ∇vh dx,(2.9)
g(qh;uh) := −
∫
Ω
qh(det∇uh − 1) dx, (2.10)
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where ∂
2W (∇uh)
∂(∇uh)2 is a fourth order tensor. To simplify the notation, a(wh, vh;uh, ph),
b(wh, qh;uh), f(vh;uh, ph) and g(qh;uh) will be denoted as a(wh, vh), b(wh, qh), f(vh),
g(qh) whenever (uh, ph) are not directly involved in the calculation.
The whole solution process is summarized as the following algorithm.
Algorithm:
• Step 1. Provide the initial guess (u0h, p
0
h) ∈ Xh×Mh, the initial damping parameter
α0 ∈ (0, 1], the tolerances TOL, TOL
′ > 0, and set k := 0, α := α0.
• Step 2. Set uh := u
k
h, and ph := p
k
h, and solve (2.6) to obtain (wh, ph) ∈ Xh,0×Mh.
• Step 3. Set uk+1h := uh + αwh and p
k+1
h := ph + αph.
• Step 4. If uk+1h satisfies the criteria (C1)-(C2) given below, go forward to Step 5;
otherwise, set α := α/2, and go back to Step 3.
• Step 5. If ‖uk+1h − u
k
h‖ ≤ TOL and |p
k+1
h − p
k
h| < TOL
′, stop; otherwise, set
k := k + 1, α := min{α0, 2α} and go back to Step 2.
The following conditions are introduced as a criterion in the step 4 of the algorithm to
confine the iteration trajectory to well behaved deformations, i.e. orientation preserving
finite deformations without too much oscillations on the deformation gradient.
(C1) σ ≤ λ1(∇uh) ≤ λ2(∇uh) ≤ 1/σ, and 0 < c ≤ det∇uh ≤ C, ∀x ∈ Ω, where
λ1(∇uh) ≤ λ2(∇uh) are the eigenvalues of ∇uh, and σ ∈ (0, 1), 0 < c < 1 < C
are constants independent of h.
(C2) hT |uh|2,∞,T ≤ C, ∀T ∈ Th, where C > 1 is a given constant independent of h.
Remark 2. Notice that λ1(∇u) and λ2(∇u) are the principal strains of the deformation
u, we see that (C1) is violated only if u is in a neighbourhood of a singular deforma-
tion. In general, let u be a non-singular solution to the problem, then it is necessary to
choose σ < infx∈Ωmin{λ1(∇u), λ−12 (∇u)}. In applications, (C2) can be easily satisfied
unless the problem admits only microstructure solutions, which consists of increasingly
oscillatory energy minimizing sequences [4].
Our numerical experiments on cavitation problems show that the damped Newton
method applied here in the above algorithm is as expected much more efficient than the
modified Picard iteration used by Lian and Li in [6].
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2.3 Stability of the DP-Q2-P1 mixed finite element method
To show the stability of the iso-parametric mixed finite element method for the discrete
linear problem (2.6), we assume that:
(H) For u ∈ A ∩ H1(Ω;R2) satisfying (C1), b(v, q;u) satisfies inf-sup condition, i.e.
there exists a constant β > 0 such that
sup
v∈X0
b(v, q)
‖v‖1,2,Ω
≥ β‖q‖0,2,Ω, ∀q ∈ L
2(Ω). (2.11)
Remark 3. If in addition to (C1), u satisfies certain regularity condition, then b(v, q)
can be proved to satisfy the inf-sup condition (2.11)(see[2]).
The key for the DP-Q2-P1 mixed finite element method to be stable and locking free
for the problem (2.6) is that the discrete inf-sup condition (or LBB condition)
sup
vh∈Xh,0
b(vh, qh;uh)
‖vh‖1,2,Ω
≥ β‖qh‖0,2,Ω, ∀qh ∈Mh (2.12)
holds for a constant β independent of the mesh size h, which can be established by means
of the famous Fortin criterion (see Proposition 2.8 on page 58 in [11]) and a general two
steps construction frame as given in Lemma 2 (see Proposition 2.9 on page 59 in [11]),
under the mesh regularity conditions (M1)-(M2), the deformation regularity conditions
(C1)-(C2) and the hypothesis (H). Notice that, for nonlinear elasticity problems [2, 18],
b(vh, qh;uh) =
∫
Ωρ
cof∇uh : ∇vhqh dx =
∫
Ωρ
div((cof∇uh)
Tvh)qh dx,
and for nearly singular deformation gradients problems, such as the cavitation problem,
cof∇uh can be very ill conditioned. The following stability analysis reveals how the
stability constant β depends on the condition number of cof∇uh, and ultimately provides
an inside perspective to the conditions (M1)-(M2) and (C1)-(C2), which are crucial to
the mesh generation and the iteration (see step 4 of the algorithm).
Without loss of generality, in this subsection, we limit ourselves to the case ∂DΩ = ∅.
The theory for the case ∂DΩ 6= ∅ can be established in a similar way.
Lemma 1. (see Fortin Criterion [11]) Let b(v, q;uh) satisfy the inf-sup condition (2.11).
The LBB condition (2.12) holds with a constant β independent of h if and only if there
exists an operator Πh ∈ L (X0,Xh,0) satisfying:

b(v − Πhv, qh;uh) = 0, ∀qh ∈Mh, ∀v ∈ X0,
‖Πhv‖1,2,Ω ≤ c‖v‖1,2,Ω, ∀v ∈ X0,
(2.13)
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with a constant c > 0 independent of h.
Lemma 2. Let Π1 ∈ L (X0,Xh,0) and Π2 ∈ L (X0,Xh,0) be such that


‖Π1v‖1,2,Ω ≤ c1‖v‖1,2,Ω, ∀v ∈ X0, (2.14a)
‖Π2(I −Π1)v‖1,2,Ω ≤ c2‖v‖1,2,Ω, ∀v ∈ X0, (2.14b)
b(v − Π2v, qh;uh) = 0, ∀v ∈ X0, ∀qh ∈Mh. (2.14c)
Set Πhv = Π1v +Π2(v − Π1v), then Πh ∈ L (X0,Xh,0) satisfies (2.13).
Step 1. The construction of Π1 ∈ L (X0,Xh,0). Let (X¯h,0,M¯h) be given by


X¯h,0 =
¶
vh ∈ Xh,0 : vh|T ∈ Q˜1 ⊕ span{p1,p2,p3,p4}
©
M¯h =
¶
qh ∈Mh : qh|T ∈ P˜0
©
,
(2.15)
where Q˜1 = Q1 ◦ F−1T , P˜0 = P0 ◦ F
−1
T , and {pi}
4
i=1 are the edge bubble functions
with respect to the edges {ei}
4
i=1 of T . For example, for i = 1, let x = (x1, x2) and
xˆ = F−1T (x) = (xˆ1, xˆ2), then
p1(x) = (qˆ1 ◦ F−1T (xˆ))n1(FT (−1, xˆ2)),
where qˆ1 = (1− xˆ
2
2)(1− xˆ1) and n1 is the unit out normal of the edge e1. The formulae
for {pi}
4
i=2 are similar. Obviously pi(x) = 0, ∀x ∈ ∂T \ ei. In particular, we notice that
{pi}
4
i=1 have zero tangential components on the edges of T = FT (Tˆ ).
Firstly, let Π˜1 : X0 →
¶
vh ∈ C(Ω;R
2) : vh|T ∈ Q˜1, ∀T ∈ Th
©
be the Cle´ment inter-
polation operator, since (M1) is satisfied, it follows from the standard scaling argument
(see for example Corollary 2.1 on page 106 in [11]) that
∑
T∈Th
h2γ−2T |v − Π˜1v|
2
γ,2,T . |v|
2
1,2,Ω, γ = 0, 1. (2.16)
Define Π¯1v = Π˜1v−
1
|Ω|
∫
Ω Π˜1v dx, then Π¯1 ∈ L (X0, X¯h,0). Since,
∫
Ω v dx = 0, it follows
from the Ho¨lder inequality, (2.16) and hT ∼= h (see (M1)) that
∣∣∣∣∣
1
|Ω|
∫
Ω
Π˜1v dx
∣∣∣∣∣ ≤
1
|Ω|
∫
Ω
|Π˜1v − v| dx . ‖Π˜1v − v‖0,2,Ω . h|v|1,2,Ω.
Consequently, by (2.16) and hT ∼= h, we have
|v − Π¯1v|γ,2,Ω . h
1−γ |v|1,2,Ω, γ = 0, 1. (2.17)
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Next, let Π˜2 : X0 → {vh ∈ C(Ω;R
2) : vh|T ∈ span{p1,p2,p3,p4}} be defined by


Π˜2v|T ∈ span{p1,p2,p3,p4},∫
ei
(cof∇uTh Π˜2v) · ni ds =
∫
ei
(cof∇uThv) · ni ds, ∀ei = F
−1
T (eˆi), i = 1, 2, 3, 4.
(2.18)
Define Π¯2v = Π˜2v −
1
|Ω|
∫
Ω Π˜2v dx, then we have ∇Π¯2v ≡ ∇Π˜2v, for all v ∈ H
1(Ω;R2),
Π¯2 ∈ L (X0, X¯h,0), and in particular, as div(cof∇uh|T ) = 0, we have
∫
T
cof∇uh : ∇(Π¯2v − v) dx =
∫
∂T
(cof∇uTh (Π˜2v − v)) · n ds = 0. (2.19)
Now, define Π1 ∈ L (X0,Xh,0) by setting Π1v , Π¯hv = Π¯1v+Π¯2(v− Π¯1v), ∀v ∈ X0.
Step 2. The construction of Π2 ∈ L (X0,Xh,0). Denote the bi-quadratic bubble
function space on Tˆ by Bˆ = {bˆ(xˆ) = (b1(1− xˆ
2
1)(1− xˆ
2
2), b2(1− xˆ
2
1)(1− xˆ
2
2))}. Define
Bh = {b ∈ C(Ω¯;R
2) : b|T = bˆ ◦ F−1T , bˆ ∈ Bˆ}. (2.20)
Notice that Xh,0 = X¯h,0 + Bh. Define Π2 : {v ∈ X0 :
∫
T cof∇uh : ∇v dx = 0} → Bh as
the unique solution of
∫
T
cof∇uh : ∇(Π2v − v) qh dx = 0, ∀qh ∈ P˜1(T ) \ P˜0(T ), ∀T ∈ Th, (2.21)
Since Π2v is a bubble function on T ∈ Th and div(cof∇uh|T ) = 0, we have
∫
T
cof∇uh : ∇Π2v dx =
∫
∂T
(cof∇uh)n ·Π2v ds−
∫
T
div(cof∇uh) ·Π2v dx = 0. (2.22)
Lemma 3. Let Th satisfy the condition (M1), and uh satisfy the condition (C1). Then,
Π1 ∈ L (X0, X¯h,0), as defined in step 1, satisfies


‖Π1v‖1,2,Ω .
1
σ2
‖v‖1,2,Ω, ∀v ∈ X0,∫
T
cof∇uh : ∇(Π1v − v) dx = 0, ∀v ∈ X0, ∀T ∈ Th.
(2.23)
Proof. Since Π˜2 ∈ L (X0, X¯h,0) is defined by (2.18), thus, by solving the linear system,
Π˜2v can be explicitly expressed as Π˜2v =
4∑
i=1
αi(v)pi, where
αi =
ï ∫
ei
(cof∇uThv) · ni ds
ò¡ï ∫
ei
(cof∇uThpi) · ni ds
ò
, i = 1, 2, 3, 4. (2.24)
Noticing that (C1) implies that λ2(cof∇uh) . σ
−1, by the trace theorem, we have
∣∣∣∣
∫
ei
(cof∇uThv) · ni ds
∣∣∣∣ . λ2(∇uh)
∫
ei
|v| ds ∼=
hT
σ
∫
eˆi
|vˆ| dsˆ .
hT
σ
‖vˆ‖1,2,Tˆ . (2.25)
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Similarly, since λ1(cof∇uh) & σ, we have
∣∣∣∣
∫
ei
(cof∇uThpi) · ni ds
∣∣∣∣ =
∣∣∣∣
∫
ei
pi · (cof∇uhni) ds
∣∣∣∣ & σhT
∫
eˆi
qˆi dsˆ. (2.26)
Therefore, (2.24)-(2.26) yields that
|αi| .
1
σ2
‖vˆ‖1,2,Tˆ , i = 1, 2, 3, 4. (2.27)
Hence, by the standard scaling argument, we obtain
|Π˜2v|
2
1,2,T =
∣∣∣∣
4∑
i=1
αipi
∣∣∣∣
2
1,2,T
.
1
σ4
(h−2T ‖v‖
2
0,2,T + |v|
2
1,2,T ). (2.28)
Since ∇Π¯2v = ∇Π˜2v, it follows from (2.17) and (2.28) that
|Π1v|
2
1,2,Ω .|Π¯1v|
2
1,2,Ω +
∑
T
|Π¯2(v − Π¯1v)|
2
1,2,T
.|Π¯1v|
2
1,2,Ω +
∑
T
1
σ4
(h−2T ‖v − Π¯1v‖
2
0,2,T + |v − Π¯1v|
2
1,2,T ) .
1
σ4
|v|21,2,Ω.
Recall
∫
Ω v dx = 0, ∀v ∈ X0, this and the Poincare´ inequality lead to the inequality in
(2.23). On the other hand, by (2.19), we have, for all v ∈ X0,
∫
T
cof∇uh : ∇(Π1v − v) dx =
∫
T
cof∇uh : ∇
Ä
Π¯2(v − Π¯1v)− (v − Π¯1v)
ä
dx = 0.
This completes the proof of the lemma.
Lemma 4. Let Th and uh satisfy the mesh regularity conditions (M1)-(M2) and the
deformation regularity conditions (C1)-(C2) respectively. Let bˆ = (1− xˆ21)(1− xˆ
2
2) be the
bubble function on Tˆ . Then
det
Å ∫
Tˆ
bˆ cof∇xˆuˆh(x) dxˆ
ã
∼= h2T . (2.29)
where the gradient operator ∇xˆ := (∂xˆ1 , ∂xˆ2).
Proof. Recall uh = (u1, u2), and uˆij =
∑8
k=0 ui(ak)
∂ϕk
∂xˆj
on Tˆ , 1 ≤ i, j ≤ 2, where ϕk are
bi-quadratic basis functions. Rewrite
∫
Tˆ bˆ cof∇xˆuˆdxˆ as
∫
Tˆ
bˆ cof∇xˆuˆh dxˆ =
Ü ∫
Tˆ
bˆuˆ22 dxˆ −
∫
Tˆ
bˆuˆ21 dxˆ
−
∫
Tˆ
bˆuˆ12 dxˆ
∫
Tˆ
bˆuˆ11 dxˆ
ê
. (2.30)
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By Taylor expanding u1(ak) at a8, k = 0, 1, · · · , 7 and direct calculations, we have
∫
Tˆ
bˆuˆ11 dxˆ =
4
45
(u1(a1)− u1(a0) + u1(a2)− u1(a3)) +
32
45
(u1(a5)− u1(a7))
=
∂u1
∂x1
(a8)
Ç
4
45
(xa1 − xa0 + xa2 − xa3) +
32
45
(xa5 − xa7)
å
+
∂u1
∂x2
(a8)
Ç
4
45
(ya1 − ya0 + ya2 − ya3) +
32
45
(ya5 − ya7)
å
+ C11h
2
T
=
4
45
∇u1(a8) · (
#     »a0a1 +
#     »a3a2 + 8
#     »a7a5) + C11h
2
T .
(2.31)
where ak = (xak , yak), k = 0, · · · , 8. Similarly, we have
∫
Tˆ
bˆuˆ12 dxˆ =
4
45
(u1(a3)− u1(a0) + u1(a2)− u1(a1)) +
32
45
(u1(a6)− u1(a4))
=
4
45
∇u1(a8) · (
#     »a0a3 +
#     »a1a2 + 8
#     »a4a6) + C12h
2
T ,
(2.32)
∫
Tˆ
bˆuˆ21 dxˆ =
4
45
(u2(a1)− u2(a0) + u2(a2)− u2(a3)) +
32
45
(u2(a5)− u2(a7))
=
4
45
∇u2(a8) · (
#     »a0a1 +
#     »a3a2 + 8
#     »a7a5) + C21h
2
T ,
(2.33)
∫
Tˆ
bˆuˆ22 dxˆ =
4
45
(u2(a3)− u2(a0) + u2(a2)− u2(a1)) +
32
45
(u2(a6)− u2(a4))
=
4
45
∇u2(a8) · (
#     »a0a3 +
#     »a1a2 + 8
#     »a4a6) + C22h
2
T .
(2.34)
Thus, by the mesh and deformation regularity conditions (M1)-(M2) and (C1)-(C2),
and noticing that Cij of the h
2
T terms in (2.31)-(2.34) are linear combinations of ∂
2ui/∂x
2
1,
∂2ui/∂x
2
2 and ∂
2ui/∂x1x2 with uniformly bounded coefficients, we are led to
det
∫
Tˆ
bˆ cof∇xˆuˆh dxˆ =
∫
Tˆ
bˆuˆ11 dxˆ
∫
Tˆ
bˆuˆ22 dxˆ−
∫
Tˆ
bˆuˆ21 dxˆ
∫
Tˆ
bˆuˆ12 dxˆ
∼=
ï Ç 4
45
∇u1(a8) · l1
åÇ
4
45
∇u2(a8) · l2
å
−
Ç
4
45
∇u1(a8) · l2
åÇ
4
45
∇u2(a8) · l1
å ò
+O(h2T )
∼= det∇uh(a8)h
2
T +O(h
2
T )
∼= h2T ,
where l1 = (
#     »a0a1+
#     »a3a2+8
#     »a7a5) and l2 = (
#     »a0a3+
#     »a1a2+8
#     »a4a6). This proves (2.29).
Therorem 1. Suppose the hypothesis (H), the conditions (M1)-(M2) and (C1)-(C2)
hold. Then, there exists a constant β > 0 independent of h such that b(vh, qh;uh)
satisfies the LBB condition (2.12).
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Proof. Set Πh = Π1+Π2(I−Π1). Then, by Lemma 1, Lemma 2 (see (2.14)), and (2.21)-
(2.23), what remains for us to show is that ‖Π2(I − Π1)v‖1,2,Ω ≤ c2‖v‖1,2,Ω, ∀v ∈ X0.
Since Π2v is a bubble function on T ∈ Th and div(cof∇uh|T ) = 0, by the integral
by parts and the change of integral variables, equation (2.21) can be rewritten as
∫
Tˆ
‘Π2v ·Ä cof∇xˆuˆh∇xˆqˆhädxˆ = − ∫
Tˆ
qˆh cof∇xˆuˆh : ∇xˆvˆ dxˆ, ∀qˆh ∈ P1(Tˆ )\P0(Tˆ ). (2.35)
where ∇xˆ := (∂xˆ1 , ∂xˆ2) is the gradient operator. By solving the linear system, we can
write ‘Π2v(xˆ) explicitly as ‘Π2v(xˆ) = (α1(1− xˆ21)(1− xˆ22), α2(1− xˆ21)(1− xˆ22)) with
α =
á
α1
α2
ë
= −
Å∫
Tˆ
bˆ cof∇xˆuˆh dxˆ
ã−1á ∫Tˆ cof∇xˆuˆh : ∇xˆvˆ xˆ1 dxˆ
∫
Tˆ cof∇xˆuˆh : ∇xˆvˆ xˆ2 dxˆ,
ë
(2.36)
where bˆ(xˆ) = (1− xˆ21)(1− xˆ
2
2). By (C1) and the Ho¨lder inequality,
∣∣∣∣
∫
Tˆ
cof∇xˆuˆh : ∇xˆvˆ xˆi dxˆ
∣∣∣∣ . hTσ |vˆ|1,2,Tˆ‖xˆi‖0,2,T .
hT
σ
|vˆ|1,2,T , i = 1, 2. (2.37)
On the other hand, by (C1) and Lemma 4,
∣∣∣∣
Ä ∫
Tˆ
bˆ cof∇xˆuˆh dxˆ
ä−1∣∣∣∣ ∼= h−2T ∣∣∣∣ ∫
Tˆ
bˆ∇xˆuˆh dxˆ
∣∣∣∣ . h−2T ‖bˆ‖0,2,Tˆ‖∇xˆuˆh‖0,2,Tˆ .
1
σhT
. (2.38)
As a consequence of (2.36)-(2.38) and the standard scaling argument, we are led to
|Π2v|1,2,T ∼= |“Π2v|1,2,Tˆ ∼= |α| . 1σ2 |vˆ|1,2,Tˆ ∼= 1σ2 |v|1,2,T . (2.39)
Finally, by (2.23), (2.39) and the Poincare´ inequality, we obtain
‖Π2(I − Π1)v‖1,2,Ω .
1
σ2
‖(I − Π1)v‖1,2,Ω .
1
σ4
‖v‖1,2,Ω, ∀v ∈ X0, (2.40)
and complete the proof of the theorem.
3 Numerical experiments and results
In this section, we apply a specific DP-Q2-P1 method to a typical cavitation problem in
incompressible nonlinear elasticity. As is well known that cavitation refers to a commonly
observed phenomenon in elastomers, in which small voids enlarge by one or more orders of
magnitude when subject to sufficiently large tensile stresses. The numerical computation
of cavitation is difficult because the extremely large anisotropic deformation near the
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cavity surface in the form of increasingly severe compression in the radial direction and
correspondingly large stretches in circumferential one, which can often cause mesh tangle
and other approximation problems [6, 7, 9].
Let Ω = B1(0) \ Bρ(0) be the reference configuration, where ρ is the radius of the
pre-existing defect, let ∂NΩ = ∂Ω. Let the strain-energy density function be given by
W (∇u) =
µ
2
|∇u|s +
1
2
(det∇u− 1)2 +
1
det∇u
, 1 < s < 2.
Consider the transformation FT : Tˆ → R
2 of the form


R = R0 +
xˆ1 + 1
2
(R1 − R0),
θ = θ0 +
xˆ2 + 1
2
(θ3 − θ0),
x1 = R cos θ, x2 = R sin θ.
(3.1)
Then a typical mesh Th consisting of well defined circular ring sector elements on Ω =
B1(0)\Bρ(0) is shown in Figure 3, where we have N = 8 evenly spaced elements in each
of the 3 circular ring layers. A typical circular ring sector element T , in a prescribed
circular ring with inner radius ρT and thickness τT , is shown in Figure 4.
ρ
1
x1
x2
Figure 3: A typical mesh Th with N = 8.
o
a3
a0
a7
a6
a4
a8
a2
a1
a5 x1
x2
(b0)ρT ρT +τT
×
Figure 4: A circular ring sector element T .
In our numerical experiments, the number of elements N in the circular ring layers
and the thickness τT of each layer are determined by a meshing strategy based on an
energy equi-distribution principle established in [9]. For given ρ > 0, the meshes so
produced satisfy the mesh regularity conditions (M1) and (M2). Table 1 shows two sets
of typical meshes produced by the meshing strategy. For the constant σ in (C1), we set
σ = ρ/Cmax, where Cmax is an upper bound for the expected grown cavity radius. In
our numerical experiments, we set σ = ρ/2, i.e. Cmax = 2.
13
(a) ρ = 0.01.
h min τT max τT layers N
0.05 0.0300 0.1900 8 20
0.04 0.0224 0.1376 11 26
0.03 0.0156 0.1164 14 34
0.02 0.0096 0.0736 22 50
(b) ρ = 0.0001.
h min τT max τT layers N
0.05 0.0120 0.1720 9 24
0.04 0.0080 0.1360 12 28
0.03 0.0048 0.1056 16 38
0.02 0.0024 0.0728 22 56
Table 1: Data of two sets of typical meshes produced.
3.1 Radially symmetric case
In our numerical experiments, we take u(x;λ) =
√
R2+λ2−1
R
x with λ > 1 as the analytical
cavitation solution to the radially symmetric dead-load traction problem with
t(x) = tn(x), ∀x ∈ ∂B1(0), and t(x) = 0, ∀x ∈ ∂Bρ(0), (3.2)
where n is the unit outward normal to ∂B1(0), and t = tρ,λ is uniquely determined by ρ
and λ [3]. For example t0.1,2 ≈ 3.00487, t0.01,2 ≈ 3.94237, t0.0001,2 ≈ 4.21590.
2.8 3.2 3.6 4
log10Nd
-5
-3
-1
1
lo
g
10
∆
E
ρ  = 0.1
ρ  = 0.01
ρ  = 0.0001
slope = - 2.0
(a) Energy error ∆E = |E(uh)− E(u)|.
2.8 3.2 3.6 4
log10Nd
-3
-2
-1
0
lo
g
10
er
r 1
,s
(u
h
)
ρ  = 0.1
ρ  = 0.01
ρ  = 0.0001
slope = - 1.5
(b) Error in W 1,s-seminorm |uh − u|1,s,Ω.
Figure 5: Convergence behavior of the energy and deformation in symmetric case.
The convergence behavior of the numerical cavitation solutions with λ = 2 obtained
by the DP-Q2-P1 mixed finite element method is shown in Fig 5-Fig 7, where Nd is
the total degrees of freedom of uh. Fig 8 shows Nd as a function of the mesh size
h in the radially symmetric case. It is clearly seen that Nd ∼ h
−2 for our mesh and
the convergence rates obtained by the DP-Q2-P1 cavitation solutions in the radially
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symmetric case can reach the optimal rates of the interpolation error estimates, which
were analyzed in [9] (see Theorem 5.2 in [9]).
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Figure 6: Convergence behavior of det∇uh in symmetric case.
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−2 in symmetric case.
3.2 Non-radially symmetric case
Consider the non-radially-symmetric dead-load traction problem with
t(x) = (1 + η| cos θ|)tn(x), ∀x ∈ ∂B1(0), and t(x) = 0, ∀x ∈ ∂Bρ(0), (3.3)
where θ = arctan(x2/x1), η and t are parameters. In our numerical experiments, we take
η = 1/10, and t = tρ,2 as is given in the radially-symmetric case for various ρ.
The convergence behavior of the numerical cavitation solutions obtained by the DP-
Q2-P1 mixed finite element method is shown in Fig 9-Fig 11. Fig 12 shows Nd as
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Figure 9: Convergence behavior of the energy and deformation in non-symmetric case.
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Figure 10: Convergence behavior of det∇uh in non-symmetric case.
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Figure 12: Nd ∼ h
−2 in non-symmetric case.
a function of h in the non-radially-symmetric case. We see that, in the non-radially-
symmetric case, again Nd ∼ h
−2 for the meshes produced by the meshing strategy, and
the convergence rates obtained by the DP-Q2-P1 cavitation solutions, though dropped
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a little bit, are still close to the optimal rates (see [9]).
4 Conclusion
A DP-Q2-P1 mixed finite element method combined with a damped Newton iteration
scheme is established in this paper to numerically solve large deformation problems in
incompressible nonlinear elasticity. The method is analytically proved to be locking-free
and stable. The numerical experiments on some typical cavitation problems demonstrate
the accuracy and efficiency of the method in solving incompressible nonlinear elasticity
problems with extremely large anisotropic deformation gradients.
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